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DIFFERENTIAL CHOW FORM FOR PROJECTIVE
DIFFERENTIAL VARIETY
WEI LI AND XIAO-SHAN GAO
Abstract. In this paper, a generic intersection theorem in projective differ-
ential algebraic geometry is presented. Precisely, the intersection of an irre-
ducible projective differential variety of dimension d > 0 and order h with a
generic projective differential hyperplane is shown to be an irreducible projec-
tive differential variety of dimension d − 1 and order h. Based on the generic
intersection theorem, the Chow form for an irreducible projective differential
variety is defined and most of the properties of the differential Chow form in
affine differential case are established for its projective differential counterpart.
Finally, we apply the differential Chow form to a result of linear dependence
over projective varieties given by Kolchin.
1. introduction
Differential algebra or differential algebraic geometry founded by Ritt and Kolchin
aims to study algebraic differential equations in a similar way that polynomial equa-
tions are studied in commutative algebra or algebraic geometry [17, 10]. Therefore,
the basic concepts of differential algebra geometry are based on those of algebraic
geometry. An excellent survey on this subject can be found in [2].
The Chow form, also known as the Cayley form or the Cayley-Chow form, is a
basic concept in algebraic geometry [5, 7, 19] and has many important applications
in transcendental number theory [14, 16], elimination theory [1, 3, 15, 18], algebraic
computational complexity [8].
Recently, the theory of differential Chow form for affine differential algebraic
varieties was developed [4]. It is shown that most of the basic properties of algebraic
Chow form can be extended to its differential counterparts [4]. Furthermore, a
theory of differential resultant and sparse differential resultant were also given [4,
13]. In this paper, we will study differential Chow form for differential projective
varieties.
It is known that most results in projective algebraic geometry are more complete
than their affine analogs. But in the differential case, this is not valid. Due to the
complicated structure, projective differential varieties are not studied thoroughly.
The basis of projective differential algebraic geometry was established by Kolchin
in his paper [11]. There, he cited a remark by Ritt:
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Consider an irreducible algebraic variety V in complex projective
space Pn(C) and n+1 meromorphic functions f0, f1, . . . , fn on some
region of C. J.F. Ritt once remarked to me that there exists an irre-
ducible ordinary differential polynomial h ∈ C{y0, . . . , yn}, depen-
dent only on V and having order equal to the dimension of V , that
enjoys the following property: A necessary and sufficient condition
that there exist c0, . . . , cn ∈ C not all zero such that (c0 : · · · : cn) is
a point of V and
∑
j cjfj = 0 is that (f0, . . . , fn) be in the general
solution of h.
Kolchin commented that “This provides an occasion to describe the beginning of
a theory of algebraic differential equations in a projective space Pn(E).” And he de-
voted two papers on differential projective spaces: [11, 12], published posthumously.
In the former, Kolchin developed the foundation for a theory of differentially ho-
mogenous differential ideals and their differential zero sets in Pn(E), which defines
the Kolchin topology in projective differential algebraic geometry. Also, Kolchin
proved Ritt’s result mentioned above. In the following, we will use “the result on
linear dependence over projective varieties” to refer to this result.
In this paper, we will first consider the dimension and order for the intersection
of a projective differential variety by a generic projective differential hyperplane.
Then we establish the theory of differential Chow forms for projective differential
varieties. As an application, we will show that the differential polynomial h in
Ritt’s remark mentioned above is just the differential Chow form of the projective
differential variety corresponding to V .
The rest of the paper is organized as follows. In section 2, we will present the
basic notations and preliminary results in projective differential algebraic geometry
given by Kolchin which will be used in the paper. In section 3, we will prove
the generic intersection theorem of a projective differential variety by a generic
projective differential hyperplane. In section 4, the differential Chow form for
an irreducible projective differential variety is defined and its basic properties are
given. In section 5, we will apply the differential Chow form theory to a result on
linear dependence over projective varieties given by Kolchin. Finally, we present the
conclusion and propose a conjecture on the Chow form for the projective differential
variety.
2. Preliminaries
In this paper, we fix F to be an ordinary differential field with derivation δ,
field of constants C, and universal differential field E with field of constants K.
Primes and exponents (i) indicate derivatives, and exponents [t] indicate the set of
derivatives up to order t.
Let Y = (y0, . . . , yn) and consider the differential polynomial ring F{Y} =
F{y0, . . . , yn} over F . For any element t of any differential overring of F{Y},
set tY = (ty0, ty1, . . . , tyn). Following Kolchin [11], we introduce the concepts of
differentially homogenous polynomials, differentially homogenous differential ideals
and differentially projective varieties.
Definition 2.1. A differential polynomial f ∈ F{y0, y1, . . . , yn} is called differen-
tially homogenous of degree m if for a new differential indeterminate t, we have
f(ty0, ty1 . . . , tyn) = t
mf(y0, y1, . . . , yn).
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Lemma 2.2. [12] Let f be a nonzero differentially homogenous polynomial of de-
gree d > 0 and let o denote the order of f . Then for each index j, ∂f/∂y
(o)
j is
differentially homogenous of degree d− 1.
Now we will show that the initial and the separant of each differentially homoge-
nous polynomial w.r.t. any ranking is differentially homogenous too.
Theorem 2.3. Let f be a nonzero differentially homogenous polynomial of degree
m and R be any ranking of Y. Then both of its initial and separant w.r.t. R are
differentially homogenous.
Proof: We first consider the separant of f . Let y
(o)
i be the leader of f w.r.t. R. Then
we have t ∂f
∂y
(o)
i
(ty0, . . . , tyn) =
(tyi)
(o)
y
(o)
i
∂f
∂y
(o)
i
(ty0, . . . , tyn) =
∂
∂y
(o)
i
f(ty0, . . . , tyn) =
∂
∂y
(o)
i
tmf(y0, . . . , yn) = t
m ∂f
∂y
(o)
i
(y0, . . . , yn). Thus,
∂f
∂y
(o)
i
(tY) = tm−1 ∂f
∂y
(o)
i
(Y). It
follows that the separant of f is differentially homogenous of degree m− 1.
Now we consider the initial of f . Rewriting f as a polynomial in y
(o)
i , we have
f = If · (y
(o)
i )
l + I1 · (y
(o)
i )
l−1 + · · · + Il−1 · (y
(o)
i ) + Il. As above, we have proved
that ∂f/∂y
(o)
i = lIf · (y
(o)
i )
l−1 + (l − 1)I1 · (y
(o)
i )
l−2 + · · · + Il−1 is differentially
homogenous with leader y
(o)
i . Continuing in this way,
∂lf
∂(y
(o)
i )
l
= l!If is differentially
homogenous. And it follows that If is differentially homogenous. 
More generally, let (yij)1≤i≤p,0≤j≤ni be a family of differential indeterminates,
set Yi = (yi0, . . . , yini) (1 ≤ i ≤ p), and consider the differential polynomial
ring F{Y1, . . . ,Yp} = F{(yij)1≤i≤p,0≤j≤ni} over F . Let f ∈ F{Y1, . . . ,Yp} and
(d1, . . . , dp) ∈ Np. If for any index i, f is differentially homogenous in Yi of degree
di, f is said to be differentially p-homogenous in (Y1, . . . ,Yp) of degree (d1, . . . , dp).
When I is a differential ideal ofF{Y1, . . . ,Yp}, then denote I : (Y1 · · ·Yp)∞ = {f ∈
F{Y1, . . . ,Yp}
∣∣(y1j1 · · · ypjp)ef ∈ I, 0 ≤ j1 ≤ n1, . . . , 0 ≤ jp ≤ np and for some e}
and I : (Y1 · · ·Yp) = {f ∈ F{Y1, . . . ,Yp}
∣∣(y1j1 · · · ypjp)f ∈ I, 0 ≤ j1 ≤ n1, . . . , 0 ≤
jp ≤ np}. Clearly, I : (Y1 · · ·Yp)∞ is a differential ideal, and is a perfect ideal
coinciding with I : (Y1 · · ·Yp) when I is perfect.
Definition 2.4. Let I be a differential ideal of F{Y1, . . . ,Yp}. I is called a
differentially p-homogenous differential ideal of F{Y1, . . . ,Yp} if I : (Y1 · · ·Yp) =
I and for every P ∈ I and a differential indeterminate t over F{Y1, . . . ,Yp},
P (tY1, . . . , tYp) ∈ F{t}I in the differential ring F{t,Y1 · · ·Yp}. In the case p = 1
and Y1 = Y, I is called a differentially homogeneous differential ideal of F{Y}.
For I ⊂ F{Y1, . . . ,Yp} and any ranking R of ((yij)1≤i≤p,0≤j≤ni). I has a char-
acteristic set w.r.t. R which is not unique. To impose the uniqueness condition on
characteristic set, Kolchin gave the definition of canonical characteristic set which
is unique for a differential ideal and a fixed ranking R. Let Θ(Y1, . . . ,Yp) denote
the set of all derivatives of y
(k)
ij (1 ≤ i ≤ p, 0 ≤ j ≤ ni, k ≥ 0) and let M denote the
set of all differential monomials in Y1, . . . ,Yp. Then the ranking R induces a lex
monomial order on M. For every nonzero P ∈ F{Y1, . . . ,Yp}, P is called unitary
if the coefficient of the highest differential monomial of P is 1.
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Definition 2.5. Let I be a differential ideal of F{Y1, . . . ,Yp} and R be a ranking
of (yij : 1 ≤ i ≤ p, 0 ≤ j ≤ ni). A characteristic set A of I w.r.t. R is said to be a
canonical characteristic set if it satisfies the following two conditions.
(i) For each element A ∈ A and every nonzero element B ∈ I that is reduced
w.r.t. all the elements of A other than A, the highest differential monomial of A is
lower than or equal to the highest differential monomial of B.
(ii) Each element of A is unitary.
Kolchin proved that for a differential ideal and a fixed ranking R, I has a unique
canonical characteristic set. Also, for a prime differential ideal of F{Y1, . . . ,Yp},
according to the canonical characteristic set, Kolchin gave the following theorem to
test whether I is differentially p-homogenous.
Theorem 2.6. Let I be a prime differential ideal of F{Y1, . . . ,Yp} and let A
denote the canonical characteristic set of I w.r.t. some ranking of (yij)1≤i≤p,0≤j≤ni .
Then the followings are equivalent.
• I is differentially p-homogenous.
• I : (Y1 · · ·Yp) = I and for every zero (η1, . . . , ηp) of I in En1+1×· · ·×Enp+1
and each s ∈ E\{0} and each index i, (η1, . . . , sηi, . . . , ηp) is a zero of I.
• I : (Y1 · · ·Yp) = I and each element of A is differentially p-homogenous in
(Y1, . . . ,Yp).
Let n ∈ N and consider the projective spaceP(n) over E . Any element (a0, a1, . . . ,
an) of E
n+1 different from the origin is a representative of a unique point α of P(n),
denoted by (a0 : a1 : · · · : an). Given n1, . . . , np ∈ N, we consider the p-projective
space P(n1, . . . , np) = P(n1) × · · · × P(np). For any point α = (α1, . . . , αp) of
P(n1, . . . , np), if ai = (ai0, ai1, . . . , aini) is a representative of αi (1 ≤ i ≤ p), then
the element (aij)1≤i≤p,0≤j≤ni = (a1, . . . , ap) of E
n1+1 × · · · × Enp+1 is called a
representative of α.
Consider a differential polynomial P ∈ E{Y1, . . . ,Yp} and a point α ∈ P(n1, . . . ,
np). Say that P vanishes at α, and that α is a zero of P , if P vanishes at every
representative of α. For a subset M of P(n1, . . . , np), let IF (M ) denote the set of
differential polynomials in F{Y1, . . . ,Yp} that vanishes on M and write I(M ) =
IF(M ). Let V(S) denote the set of points of P(n1, . . . , np) that are zeros of the
subset S of E{Y1, . . . ,Yp}. And a subset V of P(n1, . . . , np) is called a projective
differential F-variety if there exists S ⊂ F{Y1, . . . ,Yp} such that V = V(S).
As in the affine differential case, we have a one-to-one correspondence between
projective differential varieties and perfect differentially homogenous differential
ideals.
Theorem 2.7. [11] The mapping from the set of projective differential F-varieties
of P(n1, . . . , np) into the set of differentially p-homogenous perfect differential
ideals of F{Y1, . . . ,Yp}, given by the formula V −→ IF (V ), and the mapping in
the opposite direction, given by the formula I −→ V(I), are bijective and inverse
to each other. And a projective differential F-variety V is F-irreducible if and only
if I(V ) is prime.
At last, we give the following theorem on a property of differential specialization
which will be used in the following.
Theorem 2.8. [4, Theorem 2.16] Let {u1, . . . , ur} ⊂ E be a set of differential inde-
terminates over F , and Pi(U,Y) ∈ F{U,Y} (i = 1, . . . ,m) differential polynomials
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in U = (u1, . . . , ur) and Y = (y1, . . . , yn). Let Y = (y1, y2, . . . , yn), where yi ∈ E
are differentially free from F〈U〉. If Pi(U,Y) (i = 1, . . . ,m) are differentially de-
pendent over F〈U〉, then for any specialization U to U in F , Pi(U,Y) (i = 1, . . . ,m)
are differentially dependent over F .
3. Generic Intersection Theory for Projective Differential
varieties
In this section, we will consider the order and dimension of the intersection of a
projective differential variety by a generic projective differential hyperplane. Before
doing this, we first give a rigorous definition of dimension and order for differentially
homogenous differential ideals.
3.1. Order and Dimension in projective Differential Algebraic Geome-
try. In the whole paper, when talking about prime differential ideals, we always
imply that they are distinct form the unit differential ideal. For a differentially
homogenous differential ideal I ⊂ F{Y}
△
= F{y0, . . . , yn}, we define differential
independent set modulo I, parametric set and differential dimension polynomial
similar to the affine case. More precisely, a variable set U ⊂ Y is said to be an
independent set modulo I if I ∩ F{U} = {0}. And a parametric set of I is a max-
imal differentially independent set modulo I. And for a differentially homogenous
prime differential ideal, we have the following lemma.
Lemma 3.1. Let I be a differentially homogenous prime differential ideal in F{Y}.
Then its parametric set is not empty.
Proof: Suppose the contrary. That is, for each yi, I∩F{yi} 6= [0] (i = 0, . . . , n). Let
Ai be the canonical characteristic set of I w.r.t. the elimination ranking yi ≺ y0 ≺
· · · ≺ yn. Then by Theorem 2.6, each element of Ai is differentially homogenous.
Since I∩F{yi} 6= [0], there exists Ai0 ∈ Ai such that Ai0 ∈ F{yi}. If ord(Ai0) > 0,
it is easy to see that Ai0 can not be differentially homogenous. So Ai0 ∈ F [yi].
Using the fact that I is prime, Ai0 = yi follows. Thus, for each i, yi ∈ I. It follows
that 1 ∈ I : Y. By Theorem 2.6, we have I = I : Y, so I = F{Y}, which is a
contradiction. 
In [9], Kolchin introduced differential dimension polynomials for prime differen-
tial polynomial ideals. Following Kolchin’s definition, we have the following defini-
tion for differentially homogenous prime differential ideals.
Definition 3.2. Let I be a differentially homogenous prime differential ideal of
F{Y}. Then there exists a unique numerical polynomial ωI(t) such that ωI(t) =
dim(I
⋂
F [(y
(k)
i )0≤i≤n,0≤k≤t]) for all sufficiently big t ∈ N. ωI(t) is called the dif-
ferential dimension polynomial of I.
For a differentially homogenous prime differential ideal of F{Y}, we can use the
differential dimension polynomial to give the definition of its differential dimension
and order.
Lemma 3.3. Let I be a differentially homogenous prime differential ideal of F{Y}.
Then ωI(t) can be written in the form ωI(t) = (d + 1)(t + 1) + o for d ≥ 0. We
define d to be the dimension of I and o is called the order of I.
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Proof: By Lemma 3.1, the cardinality of a parametric set of I is not less than 1.
Then by [9, Theorem 2], it follows. 
In the affine case, we can read the information of a differential ideal, such as di-
mension and order, from the perspective of its generic point. However, in projective
case, it is a bit more complex to do this. Firstly, we give the definition of generic
points for a differentially homogenous prime differential ideal following Kolchin’s
notation ([11]).
Consider a point α = (α1, . . . , αp) ∈ P(n1, . . . , np). Choose a representative
ai = (ai0, . . . , aini) ∈ E
ni+1 (1 ≤ i ≤ p), and for each i choose one index ji such
that aiji 6= 0. For any subfield K of E , the field extension K((a
−1
iji
aij)1≤i≤p,0≤j≤ni )
is independent of the choice of the representative (a0, . . . , an) and indices ji. Denote
the field extension by K(α). When K(α) = K, the point α is said to be rational
over K. The set of points of P(n1, . . . , np) that are rational over K is denoted by
PK(n1, . . . , np).
Consider again the point α = (α1, . . . , αp) ∈ P(n1, . . . , np). Denote the differ-
ential field F〈F(α)〉 by F〈α〉. Clearly, the differential transcendence polynomial
of (a−1iji aij)1≤i≤p,0≤j≤ni is independent of the choices made above, and may there-
fore be called the differential transcendence polynomial of α over F , denoted by
ωα/F . It can be written in the form ωα/F (t) = a1(t+ 1) + a0 where ai ∈ Z. Then
a1 = d.tr.degF〈α〉/F .
Consider a second point α′ = (α′1, . . . , α
′
p) ∈ P(n1, . . . , np) and a representative
(a′1, . . . , a
′
p) of α
′; for each i write ai = (ai0, . . . , aini) ∈ E
ni+1 and fix j′i such
that a′ij′i
6= 0. If IF (α) ⊂ IF (α′), then aij′i 6= 0 (1 ≤ i ≤ p), that is, the indices
ji can be chosen equal to the indices j
′
i, and evidently (a
′−1
ij′i
a′ij)1≤i≤p,0≤j≤ni is a
differential specialization of (a−1ij′i
aij)1≤i≤p,0≤j≤ni over F . Conversely, if there exist
indices j1, . . . , jp such that aiji 6= 0, a
′
iji
6= 0 (1 ≤ i ≤ p) and (a′−1iji a
′
ij)1≤i≤p,0≤j≤ni
is a differential specialization of (a−1iji aij)1≤i≤p,0≤j≤ni over F , then IF (α) ⊂ IF (α
′).
Under these conditions call α′ a differential specialization of α over F .
Let I be a differentially p-homogenous prime differential ideal of F{Y1, . . . ,Yp}
and V be the corresponding projective differential F -variety of P(n1, . . . , np); thus
V is F -irreducible, V = Vn1,...,np(I), and I = I(V). And for a point α ∈
P(n1, . . . , np), IF (α) = I if and only if The set of all differential specializations
of α over F is V .
Call such a point α a generic point of I in P(n1, . . . , np) or a generic point of V
over F . We call ωα/F(t) the differential dimension polynomial of V and be denoted
by ωV and d.tr.degF〈α〉/F may be called the differential dimension of V . Then
ωV and ωI have the following relation.
Theorem 3.4. Let I be a differentially homogenous prime differential ideal of
F{Y} and V = V(I). Then ωI(t) = (t+ 1) + ωV (t).
Proof: Without loss of generality, assume that V * V(y0). Let (1, ξ1, . . . , ξn) be a
generic point of V . Let u ∈ E be a differential indeterminate over F〈ξ1, . . . , ξn〉.
Firstly, we claim that ωI(t) = tr.degF(u
[t], (uξ1)
[t], . . . , (uξn)
[t])/F for all suffi-
ciently big t ∈ N. Denote Ia to be the affine differential ideal in F{y0, . . . , yn}
consisting of all elements of I. By the definition of ωI(t), it only needs to show that
(u, uξ1, . . . , uξn) is a generic point of I
a. Firstly, each polynomial in Ia vanishes at
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(u, uξ1, . . . , uξn). Suppose f
a ∈ F{y0, . . . , yn} with f
a(u, uξ1, . . . , uξn) = 0. Since u
is a differential indeterminate over F〈ξ1, . . . , ξn〉, we can regard f
a(u, uξ1, . . . , uξn)
as a differential polynomial in u, which is identically zero. Thus, for each λ ∈ E ,
fa(λ, λξ1, . . . , λξn) = 0. That is, f
a vanishes at every representative of (1, ξ1, . . . , ξn)
and fa ∈ I follows. So fa ∈ Ia, and we have shown that (u, uξ1, . . . , uξn) is a
generic point of Ia.
Thus, we have
ωI(t) = tr.degF(u
[t], (uξ1)
[t], . . . , (uξn)
[t])/F
= tr.degF(u[t], (ξ1)
[t], . . . , (ξn)
[t])/F
= tr.degF(u[t])/F + tr.degF(u[t])((ξ1)
[t], . . . , (ξn)
[t])/F(u[t])
= (t+ 1) + tr.degF((ξ1)
[t], . . . , (ξn)
[t])/F
= (t+ 1) + ωV (t).

Remark 3.5. By the above theorem, we know that the differentially homogenous
prime differential ideal I has the same dimension and order as its corresponding
projective differential variety.
For every nontrivial differentially homogenous prime differential ideal I, there
exists at least one index i such that I ∩F{yi} = [0]. Of course, in this case, yi /∈ I.
Since we can permute variables when necessary, it only needs to consider the case
I ∩ F{y0} = [0]. Denote the set of all nontrivial differentially homogenous prime
differential ideals I in F{y0, y1, . . . , yn} with I ∩ F{y0} = [0] by S. Denote the
set of all prime differential ideals in F{y1, . . . , yn} by T . Now we give a one-to-one
correspondence between S and T .
Define the map φ : S ⊂ F{y0, y1, . . . , yn} −→ T ⊂ F{y1, . . . , yn} and ψ : T ⊂
F{y1, . . . , yn} −→ S ⊂ F{y0, y1, . . . , yn} as follows: For each I ⊂ S, suppose
(η0, . . . , ηn) is a generic point of I. Clearly, η0 6= 0. Let φ(I) be the prime differ-
ential ideal in F{y1, . . . , yn} with (η1/η0, . . . , ηn/η0) its generic point. Conversely,
for a prime differential ideal J a in F{y1, . . . , yn} with a generic point (ξ1, . . . , ξn),
let ψ(J a) be a differentially homogenous prime differential ideal in F{y0, . . . , yn}
with (v, vξ1, . . . , vξn) as a generic point, where v ∈ E is a differential indetermi-
nate over F〈ξ1, . . . , ξn〉. Clearly, φ ◦ ψ = idT and ψ ◦ φ = idS . By Theorem 3.4,
ωI(t) = (t+ 1) + ωφ(I)(t). That is, I has the same dimension and order as φ(I).
As above, we give the definition of φ and ψ in the language of generic points.
Now we will give an interpretation from the perspective of characteristic sets.
Lemma 3.6. Let A := A1, . . . , An−d be a canonical characteristic set of I ∈
S w.r.t. any elimination ranking R with y0 ≺ yi for each i. Denote Bi =
Ai(1, y1, . . . , yn). Then B := B1, . . . , Bn−d is a characteristic set of φ(I) w.r.t.
the elimination ranking induced by R.
Proof: Since I is a differentially homogeneous prime differential ideal, each Ai is
differentially homogenous by Theorem 2.6. Denote the separant and initial of Ai
by Si and Ii. By Theorem 2.3, Si and Ii are differentially homogenous. It follows
that Si(1, y1, . . . , yn) and Ii(1, y1, . . . , yn) are not zero. Consequently, ld(Bi) =
ld(Ai), and the separant and initial of Bi are Si(1, y1, . . . , yn) and Ii(1, y1, . . . , yn)
respectively. So B is an autoreduced set w.r.t. the elimination ranking induced by
R.
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Let (η0, η1, . . . , ηn) be a generic point of I. Then (η1/η0, . . . , ηn/η0) is a generic
point of φ(I). Clearly, Bi(η1/η0, . . . , ηn/η0) = Ai(1, η1/η0, . . . , ηn/η0) = 0. That is,
Bi ∈ φ(I), so B is an autoreduced set in φ(I). Let f be any polynomial in φ(I) and
r be the remainder of f w.r.t. B. Then r ∈ φ(I) and r(η1/η0, . . . , ηn/η0) = 0. Let
R = yl0r(y1/y0, . . . , yn/y0) ∈ F{Y}. Then R(η0, η1, . . . , ηn) = 0 and R is reduced
w.r.t. A. Thus, R ≡ 0 and r ≡ 0 follows. As a consequence, B reduces every
differential polynomial in φ(I) to zero. So, B is a characteristic set of φ(I) w.r.t.
the elimination ranking induced by R. And the theorem is proved. 
Remark 3.7. Since the set of irreducible projective differential varieties and the
set of differentially homogenous prime differential ideals have a one-to-one corre-
spondence, φ also gives a one-to-one map between the set of irreducible projective
differential varieties not contained in y0 = 0 and the set of irreducible affine varieties
with inversive map ψ.
3.2. Generic Intersection theorem. In affine differential algebraic geometry, we
have given the following intersection theorem.
Theorem 3.8. [4, Theorem 3.14] Let I be a prime differential ideal in F{y1, . . . , yn}
with dimension d > 0 and order h. Let {u0, u1, . . . , un} ⊂ E be a set of differential
indeterminates. Then I1 = [I, u0 + u1y1 + · · ·+ unyn] is a prime differential ideal
in F〈u0, u1, . . . , un〉{y1, . . . , yn} with dimension d− 1 and order h.
Now we try to give the projective version of the above theorem. Before doing
this, we give the following lemma which will be used in the proof of the main
theorem.
Lemma 3.9. Let I be a differentially homogenous prime differential ideal in F{Y}
with dimension d > 0 and u0y0 + u1y1 + · · · + unyn = 0 be a generic hyperplane.
Denote u0 = (u0, . . . , un). Then the differential ideal I0 = [I, u0y0 + u1y1 + · · · +
unyn] : (Y)∞ ⊂ F{Y;u0} is a differentially 2-homogenous prime differential ideal
and I0 ∩ F{u0} = [0].
Proof: Let (ξ0, . . . , ξn) be a generic point of I that is free from F〈u0, . . . , un〉. With-
out loss of generality, suppose ξ0 6= 0. Denote J = [I, u0y0+ · · ·+unyn] : (Yu)∞ ⊂
F{Y;u}. We prove that I0 is a differentially 2-homogenous prime differential ideal
in F{Y;u0} by showing that J is a differentially 2-homogenous prime differential
ideal in F{Y,u} and I0 = J .
Firstly, we show that for any point a ∈ P(n) × P(n), if J vanishes at a, then
J vanishes at every representative of a. Now, suppose J vanishes at a. For any
differential polynomial H ∈ J , there exists some e ∈ N such that (yjuk)eH ∈
[I, u0y0 + · · · + unyn] for any 0 ≤ j, k ≤ n. Since I and u0y0 + · · · + unyn vanish
at every representative of a, H vanishes at it. It follows that J vanishes at every
representative of a. In this way, we say a is a zero of J . Since J1 ⊂ J , J1 has the
same property.
Now let ζ = (ξ0, . . . , ξn;−(u1ξ1 + · · ·+ unξn)/ξ0, u1, . . . , un). We now show that
ζ is a generic point of J . For any f ∈ J , there exists e ∈ N such that (yjuk)eH ∈
[I, u0y0+· · ·+unyn]. Take j = 0 and k = 1. Since ξ0 6= 0, it follows that H vanishes
at ζ. Conversely, suppose G is any differential polynomial in F{Y;u} such that G
vanishes at ζ. Let G1 be the differential remainder of G w.r.t. u0y0+· · ·+unyn with
u0 as its leader, then we have y
a0
0 G ≡ G1, mod [u0y0+ · · ·+unyn] for some a0 ∈ N.
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Then G1 is free of u0 and its derivatives with G1(ζ) = 0. Regard G1 as a polynomial
in F〈u1, . . . , un〉, then it vanishes at (ξ0, . . . , ξn). Since [I] ⊂ F〈u1, . . . , un〉{Y} is a
prime differential ideal with a generic point (ξ0, . . . , ξn), G1 ∈ [I]∩F{Y;u1, . . . , un}.
Thus, ya00 G ∈ J . And for any index j0 such that ξj0 6= 0, similarly in this way, we
can show that there exists aj0 ∈ N such that y
aj0
j0
G ∈ [I, u0y0 + · · ·+ unyn]. And
if ξj0 = 0, then yj0 ∈ I, and yj0G ∈ [I,P0, . . . ,Pd]. Thus, it follows that G ∈ J
and ζ is a generic point of J . Similarly, we can show that ζ is also a generic point
of I0. By Theorem 2.6, I0 = J is a differentially 2-homogenous prime differential
ideal.
Suppose dim(I) > 0. Then there exist i ∈ {1, . . . , n} such that I∩F{y0, yi} = [0].
It follows that ξi/ξ0 is differentially independent overF . By Theorem 2.8, u0, . . . , un
are differentially independent modulo I0. 
Now, we give the following generic intersection theorem.
Theorem 3.10. Let I be a differentially homogenous prime differential ideal in
F{Y} with dimension d > 0 and order h. Let {u0, u1, . . . , un} ⊂ E be a set of
differential indeterminates. Then I1 = [I, u0y0 + u1y1 + · · · + unyn] : Y∞ is a
differentially homogenous prime differential ideal in F〈u0, u1, . . . , un〉{Y} with di-
mension d− 1 and order h.
Proof: By Theorem 3.8, [φ(I), u0 + u1y1 + · · ·+ unyn] is a prime differential ideal
of dimension d − 1 and order h. Notice the fact that if we can show φ(I1) =
[φ(I), u0+ u1y1+ · · ·+ unyn], then it follows that I1 is a differentially homogenous
prime differential ideal in F〈u0, u1, . . . , un〉{Y} with dimension d− 1 and order h.
So it remains to show that φ(I1) = [φ(I), u0 + u1y1 + · · ·+ unyn].
Firstly, we show that I1 is a differentially homogenous prime differential ideal.
Let I0 be the differential ideal [I, u0y0 + u1y1 + · · · + unyn] : Y∞ in F{Y;u0}
where u = (u0, . . . , un). By Lemma 3.9, I0 is a differentially 2-homogenous prime
differential ideal in F{Y;u0} and I0 ∩ F{u0} = [0]. Now we show that I1 =
[I0] ⊂ F〈u0, u1, . . . , un〉{Y} is a nontrivial prime differential ideal. If 1 ∈ I1,
then we have I0 ∩ F{u0, u1, . . . , un} 6= [0], a contradiction. So I1 6= [1]. Suppose
f1, f2 ∈ F〈u0, u1, . . . , un〉{Y} with f1f2 ∈ I1. Then there exist hi(u) (i = 1, 2) such
that hifi ∈ F{Y;u}. So (h1f1)(h2f2) ∈ I0. Then h1f1 ∈ I0 or h2f2 ∈ I0, and
it follows that f1 ∈ I1 or f2 ∈ I1. Thus, I1 is a differentially homogenous prime
differential ideal. Moreover, I1 and I0 have the following relations:
(i) I1 ∩ F{Y;u} = I0.
(ii) Any characteristic set of I1 with elements in F{Y;u} such that u are con-
tained in the parametric set is a characteristic set of I0.
(iii) Any characteristic set of I0 with u contained in its parametric set is a
characteristic set of I1.
Since I1 6= [1], without loss of generality, we suppose I1 ∩ F{y0} = [0]. Let
A ⊂ F{Y;u} be a characteristic set of I1 w.r.t. the elimination ranking y0 ≺ y1 ≺
· · · ≺ yn. Then A is also a characteristic set of I0 w.r.t. the elimination ranking
u0 ≺ · · · ≺ un ≺ y0 ≺ y1 ≺ · · · ≺ yn. Let B be the autoreduced set obtained from
A by setting y0 = 1 in each element of A. By Lemma 3.6, B is a characteristic set
of φ(I1). Both φ(I1) and [φ(I), u0+u1y1+ · · ·+unyn] are prime differential ideals.
If we can show that B is a characteristic set of [φ(I), u0 + u1y1 + · · ·+ unyn], then
φ(I1) = [φ(I), u0 + u1y1 + · · ·+ unyn] follows.
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We claim that B is a characteristic set of Ia0 = [φ(I), u0 + u1y1 + · · ·+ unyn] ⊂
F{Y;u}. We already know that if (ξ0, . . . , ξn) is a generic point of I, then (ξ0, . . . , ξn;
−(u1ξ1 + · · ·+ unξn)/ξ0, u1, . . . , un) is a generic point of I0 and (ξ1/ξ0, . . . , ξn/ξ0;
−(u1ξ1/ξ0+· · ·+unξn/ξ0), u1, . . . , un) is a generic point of I
a
0 . Recall that B has the
same leaders as A. It is easy to see that Bi ∈ I
a
0 . For any differential polynomial
f ∈ Ia0 , let r be the remainder of f w.r.t. B. Then r(ξ1/ξ0, . . . , ξn/ξ0;−(u1ξ1/ξ0 +
· · ·+unξn/ξ0), u1, . . . , un) = 0. Let r
h = yl0r(y1/y0, . . . , yn/y0;u0, . . . , un) where l is
the denomination of r. Then rh(ξ0, . . . , ξn;−(u1ξ1+ · · ·+unξn)/ξ0, u1, . . . , un) = 0.
So rh ∈ I0. But A is also a characteristic set of I0, thus, r
h = 0 and r = 0 follows.
Thus, B is a characteristic set of Ia0 . It follows that B is a characteristic set of
[φ(I), u0+u1y1+ · · ·+unyn]. Thus, φ(I1) = [φ(I), u0 +u1y1+ · · ·+unyn] and the
theorem is proved. 
As a corollary, we give the following generic intersection theorem in terms of
projective differential variety.
Theorem 3.11. The intersection of an irreducible projective differential variety
of dimension d > 0 and order h over F with a generic differential hyperplane
u0y0 + u1y1 + · · · + unyn = 0 is an irreducible projective differential variety of
dimension d− 1 and order h over F〈u0, . . . , un〉.
4. Differential Chow Forms for Projective Differential Varieties
Let V be an irreducible projective differential F -variety in P(n) of differential
dimension d and order h. Suppose V does not lie in the hyperplane y0 = 0.
Let ξ = (1, ξ1, . . . , ξn) be a generic point of V . Let u = {uij : i = 0, . . . , d; j =
1, . . . , n} be a set of differential indeterminates in E over F〈ξ1, . . . , ξn〉. Denote ζi =
−
∑n
j=1 uijξj (i = 0, . . . , d). Since dim(V ) = d, d.tr.degF〈ξ1, . . . , ξn〉/F = d. Then
as in the affine differential case, we can prove that d.tr.degF〈u〉〈ζ0, . . . , ζd〉/F〈u〉 =
d and if d > 0, then any d elements of ζi are differentially independent over F . If
d = 0, then ζ0 is differentially algebraic over F . Let u00, . . . , ud0 be differential
indeterminates over F〈u, ξ1, . . . , ξn〉. Since ζ0, . . . , ζd are differentially dependent
over F〈u〉, there exists a relation
f(u; ζ0, . . . , ζd) = 0
where f is a differential polynomial in F〈u〉{u00, . . . , ud0} with minimal order. We
choose f to be an irreducible differential polynomial in F{u;u00, . . . , ud0}. Denote
ui = (ui0, . . . , uin) (i = 0, . . . , d).
Definition 4.1. The above irreducible differential polynomial f(u;u00, . . . , ud0) ∈
F{u;u00, . . . , ud0} is defined to be the differential Chow form of V , denoted by
F (u0, . . . ,ud).
Let I be the differentially homogenous prime differential ideal in F{Y} associated
to V , where Y = (y0, . . . , yn). Let Pi = ui0y0 + ui1y1 + · · · + uinyn (i = 0, . . . , d).
Then we have the following theorem.
Theorem 4.2. The ideal J = [I,P0, . . . ,Pd] : (Yu0 · · ·ud)∞ in F{Y,u0, . . . ,ud} is
a differentially (d+2)-homogenous prime differential ideal with J ∩F{u0, . . . ,ud} =
sat(F ), where F is differentially (d+ 1)-homogenous.
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Proof: Firstly, we show that for any point a ∈ P(n)×P(n)×· · ·×P(n) =
(
P(n))d+2,
if J vanishes at a, then J vanishes at every representative of a. Now, suppose J
vanishes at a. For any differential polynomial H ∈ J , there exists some e ∈ N such
that (yju0j0u1j1 · · ·udjd)
eH ∈ [I,P0, . . . ,Pd] for any 0 ≤ j, j0, . . . , jd ≤ n. Since I
and P0, . . . ,Pd vanishes at every representative of a, H vanishes at it. It follows
that J vanishes at every representative of a. In this way, we say a is a zero of J .
To prove J is a prime differential ideal, it suffices to show that c = (1, ξ1, . . . , ξn;
ζ0, u01, . . . , u0n; . . . ; ζd, ud1, . . . , udn) is a generic zero of J . Firstly, it is easy to see
that c is a zero of J . Now, suppose that G is any differential polynomial in
F{Y,u0, . . . ,ud} such that G(c) = 0. Now, P0, . . . ,Pd form an auto-reduced set
w.r.t. any elimination ranking of ∪di=0ui ∪Y such that z ≺ u00 ≺ · · · ≺ ud0 for any
z ∈ Y ∪ u. Let G1 be the differential remainder of G w.r.t. P0, . . . ,Pd. Then G1 is
free of ui0 (i = 0, . . . , d) and
ya0G ≡ G1, mod [P0, . . . ,Pd] (a ∈ N).
So G1 vanishes at c. Since G1 ∈ F{Y,u}, now rewritten G1 as a differential
polynomial in u with coefficients in Y, i.e., G1 =
∑
φ φ(u)gφ where φ(u) are different
differential monomials in u and gφ are differential polynomials in F{Y}. Thus,
G1(c) =
∑
φ φ(u)gφ(ξ) = 0. Since u are differential indeterminates over F〈ξ〉,
gφ(ξ) = 0 for any φ. So, gφ ∈ I and y
a
0G ∈ [I,P0, . . . ,Pd]. And for any index
j0 such that ξj0 6= 0, it is easy to show that ζ0, . . . , ζd and u\{(uij0)0≤i≤d} are
differentially independent over F〈ξ〉. Similarly in this way, we can show that there
exists aj0 ∈ N such that y
aj0
j0
G ∈ [I,P0, . . . ,Pd]. And if ξj0 = 0, then yj0 ∈ I, and
yj0G ∈ [I,P0, . . . ,Pd]. Thus, it follows that G ∈ J .
By Theorem 2.6, J is a differentially (d + 2)-homogenous prime differential
ideal. Clearly, J ∩ F{u0, . . . ,ud} is a differentially (d + 1)-homogenous prime
differential ideal with a generic zero (ζ0, u01, . . . , u0n; . . . ; ζd, ud1, . . . , udn). Since
u, ζ1, . . . , ζd are differentially independent over F , the canonical characteristic set of
J ∩F{u0, . . . ,ud} consists of only one differential polynomial, which is differentially
(d + 1)-homogenous by Theorem 2.6. By the definition of differential Chow form
above, this polynomial differs from F by only one factor in F . It follows that
J ∩ F{u0, . . . ,ud} = sat(F ), and F is differentially (d+ 1)-homogenous. 
By the above theorem, we have the following corollary.
Lemma 4.3. Let F (u0,u1, . . . ,ud) be the differential Chow form of an irreducible
differential projective variety V and F ∗(u0, u1, . . . , ud) obtained from F by in-
terchanging uρ and uτ . Then F
∗ and F differ at most by a sign. Furthermore,
ord(F, uij) (i = 0, . . . , d; j = 0, 1, . . . , n) are the same for all uij occurring in F . In
particular, ui0 (i = 0, . . . , d) appear effectively in F . And a necessary and sufficient
condition for some uij (j > 0) not occurring effectively in F is that yj ∈ I(V ).
Proof: By the definition of differential Chow form, similarly to [4, Lemma 4.9], the
lemma can be proved. 
From Definition 4.1, we know that F is also the differential Chow form of φ(V ).
Since V is of dimension d and order h, φ(V ) is of dimension d and order h too.
Thus, by [4, Theorem 4.12], we have the following theorem.
Theorem 4.4. Let V be an irreducible projective differential variety of dimension d
and order h, and F (u0, . . . ,ud) the differential Chow form of V . Then ord(F ) = h.
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Similarly to the affine case, the differential Chow form has the following Poisson-
type product formula.
Theorem 4.5. Let F (u0,u1, . . . ,ud) = f(u;u00, . . . , ud0) be the differential Chow
form of an irreducible projective differential F-variety of dimension d and order h.
Then, there exist ξτ1, . . . , ξτn in a differential extension field (Fτ , δτ ) (τ = 1, . . . , g)
of (F〈u˜〉, δ) such that
F (u0,u1, . . . ,ud) = A(u0,u1, . . . ,ud)
g∏
τ=1
(u00 +
n∑
ρ=1
u0ρξτρ)
(h)(4.1)
where A(u0,u1, . . . ,ud) is in F{u0, . . . ,ud}, u˜ = ∪
d
i=0ui\u00 and g = deg(f, u
(h)
00 ).
Note that equation (4.1) is formal and should be understood in the following precise
meaning: (u00 +
∑n
ρ=1 u0ρξτρ)
(h) △= δhu00 + δ
h
τ (
∑n
ρ=1 u0ρξτρ).
For an element η = (η0, η1, . . . , ηn), denote its truncation up to order k as η
[k] =
(η0, η1, . . . , ηn, . . . , η
(k)
0 , η
(k)
1 , . . . , η
(k)
n ).
Now we introduce the following notations:
(4.2)
aP(0)0 =
aP0 := u00y0 + u01y1 + · · ·+ u0nyn
aP(1)0 =
aP′0 := u
′
00y0 + u00y
′
0 + u
′
01y1 + u01y
′
1 + · · ·+ u
′
0nyn + u0ny
′
n
· · ·
aP(s)0 :=
∑n
j=0
∑s
k=0
(
s
k
)
u
(k)
0j y
(s−k)
j
which are considered to be algebraic polynomials in F(u
[s]
0 , . . . ,u
[s]
n )[Y[s]], and
u
(k)
ij , y
(j)
i are treated as algebraic indeterminates. A point η = (η0, η1, . . . , ηn) is
said to be lying on aP(k)0 if regarded as an algebraic point, η
[k] is a zero of aP(k)0 .
Then as to the above Poisson product formula, the following theorem holds.
Theorem 4.6. The points (1, ξτ1, . . . , ξτn) (τ = 1, . . . , g) in (4.1) are generic points
of the projective differential F-variety V . If d > 0, they also satisfy the equations
n∑
ρ=0
uσρyρ = 0 (σ = 1, . . . , d).
Moreover, they are the only elements of V which also lie on Pi(i = 1, . . . , d)1 as
well as on aP(j)0 (j = 0, . . . , h− 1).
As to the relations between the differential Chow form and the projective differ-
ential variety, we have the following theorem.
Theorem 4.7. Let F (u0,u1, . . . ,ud) be the differential Chow form of V and SF =
∂F
∂u
(h)
00
. Suppose that ui are differentially specialized over F to sets vi ⊂ E and Pi
are obtained by substituting ui by vi in Pi (i = 0, . . . , d). If Pi = 0 (i = 0, . . . , d)
meet V , then (v0, . . . ,vd) is in the general solution of the differential equation
F = 0. Furthermore, if F (v0, . . . ,vd) = 0 and SF (v0, . . . ,vd) 6= 0, then the d + 1
differential hyperplanes Pi = 0 (i = 0, . . . , d) meet V .
1If d = 0, Pi(i = 1, . . . , d) is empty.
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Proof: Let I be the differentially homogenous prime differential ideal in F{Y}
associated to V . If Pi = 0 (i = 0, . . . , d) meet V , there exists a = (a0, . . . , an) ∈
P(n) with ai0 6= 0 such that Pi and I vanish at a. Since [I,P0,P1, . . . ,Pd] : (Y)
∞ ∩
F{u0,u1, . . . ,ud} = sat(F ), for any differential polynomial G ∈ sat(F ), there
exists e ∈ N such that yejG ∈ [I,P0,P1, . . . ,Pd] for every j = 0, 1, . . . , n. So
(ai0)
eG(v0, . . . ,vd) = 0, and G(v0, . . . ,vd) = 0 follows. Thus, (v0, . . . ,vd) is in the
general solution of F = 0.
Conversely, suppose F (v0, . . . ,vd) = 0 and SF (v0, . . . ,vd) 6= 0. Let (1, ξ1, . . . , ξn)
be a generic point of V . Denote ζi = −
∑n
j=1 uijξj (i = 0, . . . , d). By the definition
of differential Chow form, F (u; ζ0, . . . , ζd) = 0. Differentiating F (u; ζ0, . . . , ζd) = 0
w.r.t. u
(h)
0ρ , we have
(4.3)
∂F
∂u
(s)
0ρ
− ξρSF = 0,
where ∂F
∂u
(s)
0ρ
and SF are obtained by replacing (u00, . . . , ud0) with (ζ0, . . . , ζd) in
∂F
∂u
(s)
0ρ
and SF respectively. Since (1, ξ1, . . . , ξn; ζ0, u01, . . . , u0n; . . . ; ζd, ud1, . . . , udn) is a
generic point of [I,P0,P1, . . . ,Pd] : (Y)∞, by equation (4.3), Aρ = SF yρ− ∂F
∂u
(s)
0ρ
y0 ∈
[I,P0,P1, . . . ,Pd] : (Y)∞ (ρ = 1, . . . , n). It is easy to see that F,A1, . . . , An is
a characteristic set of [I,P0,P1, . . . ,Pd] : (Y)∞ w.r.t. the elimination ranking
u01 ≺ · · · ≺ udn ≺ u10 ≺ · · · ≺ ud0 ≺ u00 ≺ y0 ≺ y1 ≺ · · · ≺ yn. Thus, for
any H ∈ I and each Pi, there exist e and ei such that SeFH ∈ [F,A1, . . . , An]
and SeiF Pi ∈ [F,A1, . . . , An]. Let y¯i =
∂F
∂u
(s)
0ρ
(v0, . . . ,vd)/SF (v0, . . . ,vd) for i =
1, . . . , n. Clearly, (1, y¯1, . . . , y¯n;v0, . . . ,vd) is a common zero of F,A1, . . . , An.
Thus, H(1, y¯1, . . . , y¯n) = 0 and Pi(1, y¯1, . . . , y¯n) = 0. That is to say, (1, y¯1, . . . , y¯n)
is a common point of V and Pi. 
5. Application
Let V be an algebraic variety in PK(n) that is defined and irreducible over C.
Call an element v = (v0, . . . , vn) ∈ E
n+1 linearly dependent over V if there exists a
point γ ∈ V such that for some (and hence every) representative (c0, . . . , cn) of γ,∑n
j=0 cjvj = 0. If some representative of a point η ∈ P(n) is linearly dependent over
V, then every representative of η is. In this case, the point η is linearly dependent
over V . In this section, V will be fixed to be an algebraic variety in PK(n) that is
defined and irreducible over C.
In [11], Kolchin gave the following theorem.
Theorem 5.1. Let R denote the set of points of P(n) that are linearly dependent
over V . Then there exists a differential polynomial RV ∈ C{Y}, irreducible over
C, such that an element belong to R if and only if it is in the general solution of
the differential equation RV = 0. RV is unique up to a nonzero factor in C and is
differentially homogenous.
In a footnote at the end of his paper [11], Kolchin mentions that H. Morikawa
pointed out to him that the differentially homogenous differential polynomial RV
is the algebraic Chow form of V computed at the signed minors of the matrix
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(y
(i)
j )0≤i≤d,0≤j≤n. That is, if G
(
(uij)0≤i≤d,0≤j≤n
)
is the Chow form of V , then
RV = G
(
(y
(i)
j )0≤i≤d,0≤j≤n
)
Clearly, V has a natural structure of projective differential C-variety, defined
by its polynomial equations, together with the differential equations yiy
′
j − yjy
′
i =
0 (0 ≤ i < j ≤ n), denoted by V δ. As we have given the definition of differential
Chow form in the last section, in this section, we will explore the relationship
between RV and the differential Chow form of V
δ.
Lemma 5.2. If dim(V ) = d, then V δ defined as above is an irreducible projective
differential variety of differential dimension 0 and order d.
Proof: Let I0 be the defining ideal of V in the polynomial algebra C[Y] = [y0, . . . , yn].
Let (c0, . . . , cn) ∈ K
n+1 be a generic point of I0. Without loss of generality, sup-
pose c0 6= 0. Consider the differential ideal J = [I0, (yiy
′
j − yjy
′
i)0≤i<j≤n] : (Y)
∞
of C{Y}. We claim that
(1) J is a differentially homogenous prime differential ideal.
(2) V δ = V(J ).
Suppose u ∈ E is a differential indeterminate over K. To prove J is a prime
differential ideal, it suffices to prove that (uc0, . . . , ucn) is a generic point of J .
Firstly, it is easy to show that (uc0, . . . , ucn) is a zero of J . Now, let G ∈ C{Y}
be a differential polynomial vanishing at (uc0, . . . , ucn). Let R be any ranking of
Y such that y0 ≺ yj (j = 1, . . . , n). Then A := y0y′j − yjy
′
0 (j = 1, . . . , n) is an
auto-reduced set w.r.t. R. Suppose the remainder of G w.r.t. A is G1. Then G1 is
a differential polynomial in C{y0}[y1, . . . , yn] and there exists some a ∈ N such that
ya0G ≡ G1,mod [A].
Since G(uc0, . . . , ucn) = 0, G1(uc0, . . . , ucn) = 0. Rewrite G1 as an algebraic
polynomial in the proper derivatives of y0 with coefficients in C[y0, y1, . . . , yn],
then we have G1 =
∑
φ φ(y
′
0, y
′′
0 , . . .)Gφ(y0, y1, . . . , yn) where φ(y
′
0, y
′′
0 , . . .) are dis-
tinct monomials in y′0, y
′′
0 , . . .. Since u
′, u′′, . . . are algebraic indeterminates over
K(u), Gφ(uc0, . . . , ucn) = 0, so, Gφ ∈ I0 for each φ. Thus, y
a
0G ∈ [I0, (yiy
′
j −
yjy
′
i)0≤i<j≤n]. Similarly in this way, for any j0 such that cj0 6= 0, we can show that
y
aj0
j0
G ∈ [I0, (yiy
′
j − yjy
′
i)0≤i<j≤n] for some aj0 ∈ N. So, G ∈ J and (uc0, . . . , ucn)
is a generic point of J . Thus, J is a prime differential ideal. Clearly, J : (Y) = J
and for any zero η of J and every s ∈ E⋆, sη is a zero of J . By Theorem 2.6,
J is a differentially homogenous prime differential ideal. And it is easy to show
that V δ = V(J ). So V δ is an irreducible differentially projective variety and
(uc0, . . . , ucn) is a generic point of it.
The differential dimension polynomial of V δ is
ωV δ (t) = tr.deg C
((ucj
uc0
)(k)
: 1 ≤ j ≤ n, k ≤ t
)/
C
= tr.deg C
(
(cj/c0)
(k) : 1 ≤ j ≤ n, k ≤ t
)/
C
= tr.deg C
(
cj/c0 : 1 ≤ j ≤ n
)/
C
= dim(V ) = d.
Thus, V δ is of dimension 0 and order d and the lemma follows. 
Now we give the main theorem as follows.
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Theorem 5.3. The differential polynomial RV (u0) defined in Theorem 5.1 is equal
to the differential Chow form of V δ in the sense of multiplied by a nonzero constant
in C.
Proof: By Lemma 5.2, V δ is an irreducible projective differential variety of di-
mension 0 and order d. Let F (u0) be the differential Chow form of V
δ. Then by
Theorem 4.4, ord(F,u0) = d. By Theorem 5.1, ord(RV ,u0) = d.
Since RV (u0) and F (u0) are irreducible differential polynomials in C{u0} with
the same order, if we can prove RV (u0) ∈ [I(V δ),P0] : (Yu0)∞ = sat(F (u0)), then
by Theorem 4.2, RV and F differs at most by a nonzero constant in C. Now we are
going to show that RV (u0) ∈ [I(V δ),P0] : (Yu0)∞. In the proof, we shall follow the
notations in the above lemma. For instance, I0 = I(V ) ⊂ C{Y} and (c0, . . . , cn) is
a generic point of V.
Let F0(u0, . . . ,ud) be the algebraic Chow form of V , where u1, . . . ,ud are the
vectors of coefficients of the generic algebraic hyperplanes L1, . . . ,Ld respectively,
and P0 is regarded as an algebraic hyperplane at the very moment. By the definition
of algebraic Chow form, (I0,P0,L1, . . . ,Ld) : Y∞ = asat(F0). Suppose cj0 6= 0.
Then there exists aj0 such that
(5.1) y
aj0
j0
F0(u0, . . . ,ud) =
d∑
k=0
hkLk +
∑
i
gifi
where fi ∈ I0 ⊂ C[Y] and hk, gi ∈ C[Y,u0, . . . ,ud]. Denote u
(k)
0 = (u
(k)
00 , . . . , u
(k)
0n ).
Replace uk by u
(k)
0 in (5.1) for k = 1, . . . , d, we obtain
(5.2) y
aj0
j0
F0(u0,u
′
0, . . . ,u
(d)
0 ) =
d∑
k=0
ĥkL̂k +
∑
i
ĝifi,
where L̂k = u
(k)
00 y0+u
(k)
01 y1+ . . .+u
(k)
0n yn. Denote Gij = yiy
′
j − yjy
′
i (0 ≤ i < j ≤ n)
and for i > j, Gij = −Gji. Now we claim that there exists bk ∈ N such that
ybkj0 L̂k ∈ [P0, (Gij)0≤i<j≤n], (k = 0, . . . , d).
Assuming the claim holds. Denote ej0 = maxk{aj0 + bk}. Then by (5.2), for each
j0 such that cj0 6= 0, we have y
ej0
j0
F0(u0,u
′
0, . . . ,u
(d)
0 ) ∈ [I(V
δ),P0]. So RV (u0) =
F0(u0,u
′
0, . . . ,u
(d)
0 ) ∈ [I(V
δ),P0] : (Yu0)∞ follows. Thus, it suffices to prove the
claim.
Before proving the claim, we first show that for each yl and each m, y
m−1
j0
y
(m)
l ≡
hm(yj0) · yl, mod [Gj0l] where h(yj0) ∈ C{yj0}. For m = 0, it is trivial and m = 1,
yj0y
′
l = y
′
j0
yl + Gj0l. Suppose it holds for 0, . . . ,m − 1. Since G
(m−1)
j0l
=
(
yj0y
′
l −
y′j0yl
)(m−1)
=
∑m−1
s=0
(
m−1
s
)
y
(m−1−s)
j0
y
(s+1)
l −
∑m−1
s=0
(
m−1
s
)
y
(m−s)
j0
y
(s)
l , yj0y
(m)
l =
G
(m−1)
j0l
+
∑m−1
s=1
((
m−1
s
)
−
(
m−1
s−1
))
y
(m−s)
j0
y
(s)
l +y
(m)
j0
yl. By the hypothesis, y
s−1
j0
y
(s)
l ≡
hs(yj0)yl, mod [Gj0l] holds for s ≤ m − 1. Thus, y
m−1
j0
y
(m)
l = y
m−2
j0
G
(m−1)
j0l
+∑m−1
s=1
((
m−1
s
)
−
(
m−1
s−1
))
y
(m−s)
j0
ym−2j0 y
(s)
l + y
(m)
j0
ym−2j0 yl ≡ hm(yj0 ) · yl,mod [Gj0l],
where hm =
∑m−1
s=1
((
m−1
s
)
−
(
m−1
s−1
))
y
(m−s)
j0
ym−s−1j0 hs + y
(m)
j0
ym−2j0 .
Now we are going to prove the claim by induction on k. Firstly, L0 = P0.
And for k = 1, L̂1 =
∑n
l=0 u
′
0lyl = (
∑n
l=0 u0lyl)
′ −
∑n
l=0 u0ly
′
l = P
′
0 −
∑n
l=0 u0ly
′
l.
Then yj0 L̂1 = yj0P
′
0 −
∑n
l=0 u0lyj0y
′
l = yj0P
′
0 −
∑n
l=0 u0l
(
Gj0l − y
′
j0yl
)
= yj0P
′
0 −
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∑n
l=0 u0lGj0l + y
′
j0
P0. So it holds for k = 1. Now suppose the claim holds for
integers less than k and we shall deal with k. Since L̂k =
∑n
l=0 u
(k)
0l yl = P
(k)
0 −∑n
l=0
∑k
m=1
(
k
m
)
u
(k−m)
0l y
(m)
l ,
yk−1j0 L̂k = y
k−1
j0
P(k)0 −
k∑
m=1
(
k
m
) n∑
l=0
u
(k−m)
0l y
k−1
j0
y
(m)
l
= yk−1j0 P
(k)
0 −
k∑
m=1
(
k
m
)
hm(yj0)y
k−m
j0
( n∑
l=0
u
(k−m)
0l yl
)
, mod [(Gij)0≤i<j≤n].
By hypothesis, for s < k, ybsj0 L̂s ∈ [P0, (Gij)0≤i<j≤n]. Thus, the claim follows.

Combining Theorem 5.1 with Theorem 5.3, we have the following corollary.
Corollary 5.4. Let V δ be defined as above and F (u00, u01, . . . , u0n) be its projec-
tive differential Chow form. If v0j ∈ E is any specialization of u0j (j = 0, 1, . . . , n),
then V δ and the differential hyperplane
u00y0 + u01y1 + · · ·+ u0nyn = 0
have points in common if and only if (v00, v01, . . . , v0n) is in the general solution of
the differential equation F = 0.
6. Conclusion
In this paper, we first prove a theorem for the intersection of an irreducible
projective differential variety with generic projective differential hyperplanes. Then
we define the differential Chow form for projective differential varieties and give its
basic properties. Finally, we show that the formula on linear dependence over an
algebraic projective variety given by Kolchin is actually the differential Chow form
of the projective variety teated as a differential projective variety in certain sense.
For an algebraic projective variety V of dimension d, its projective Chow form
gives a necessary and sufficient condition for V having common points with the d
hyperplanes
∑n
j=0 uijxj = 0 [7, p.50]. For a particular kind of projective differential
varieties, Corollary 5.4 tells us that sat(F ) gives a necessary and sufficient condition
that V and the differential hyperplane
∑n
j=0 u0jyj = 0 intersect, where F is the
projective differential Chow form of V . However, up to now, for general projective
differential varieties, Theorem 4.7 only gives a necessary condition. We conjecture
here that for general projective varieties, the differential saturation ideal of its
differential Chow form also gives such a necessary and sufficient condition.
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